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Abstract

Some problems which have a negative answer in general, have an
affirmative answer in the class of locally graded groups and a negative
answer outside of this class. We present three of such problems and
mention another three, which possibly are of that type.

Let F denote the free semigroup with the set of free generators X =
{z1,29,...}. Let u:= u(xy,x9,...,x,), v:= v(x1,2,...,2,) be the words
in F, that is u,v do not involve inverses of x;. We say that a positive (or
semigroup) law u = v is satisfied in a group G, if under every mapping
¢ : X — @, it gives an equality u¥ = v¥ in G.

The notion of locally graded group was introduced by Cernikov in 1970 [8].

Definition 1 A group G is called locally graded (LG-group) if every non-
trivial finitely generated subgroup in G has a proper subgroup of finite index.

A group which is not an LG-group is called a non-LG-group. It is not difficult
to prove the following properties of LG-groups.

Corollary 1 The class of LG-groups is closed for taking subgroups, exten-
sions and cartesian products; it contains all locally LG-groups and all resi-
dually LG-groups.

Examples of LG- and non-LG-groups
(i) If G is an extension of a nilpotent group by a locally finite group, then
by Corollary 1, G is an LG-group.

(ii) If G has a finitely generated infinite simple subgroup then G is not an
LG-group.
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On the picture of Groupland below the class of locally graded groups is
shown as the inside shaded ellipse (more details can be found in [15], see
also ’grupland’ in http://www.google.pl ). The left half of Groupland con-
tains groups without free non-abelian subsemigroups. The right half contains
groups with free non-abelian subsemigroups. The north regions 1—4, 1*—3*
contain groups which satisfy no laws. The south-west sector contains groups
which satisfy positive laws. The dashed ellipse contains residually finite
groups. The region 11 contains groups of polynomial growth. The region
1 contains all known groups of intermediate growth. The non- LG-groups are

in the regions 4,7, 8, 3%, 6*.
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We conjecture that the class of LG-groups indicates the difference in
methodologies and results between groups built up in standard ways e.g.
from soluble and locally finite groups, and those containing finitely generated
infinite simple factors. If G is a non- LG-group, it must contain a finitely ge-
nerated infinite simple factor, because if a finitely generated subgroup H C G
has no proper subgroup of finite index, and N is a maximal normal subgroup
in H (which exists by Zorn’s Lemma), then the factor H/N is simple and
infinite.

Some problems which have a negative answer in general, have an affirma-
tive answer for LG-groups, and a negative answer for non-LG-groups. We
start with the Burnside Problem:

P1. Must a group of finite exponent be locally finite?

Theorem 1 A group G of finite exponent is locally finite if and only if G s
an LG-group.

Proof Since locally finite groups are locally graded, the ’only if’ part is
clear. For the ’if’ part it suffices to consider a finitely generated locally
graded group G of finite exponent. Then from the positive solution of The
Restricted Burnside Problem (see [25]), G has a minimal normal subgroup



N of finite index, which is finitely generated. If N # 1, then being locally
graded, N has a proper subgroup H of finite index. Then H contains a

normal subgroup of G of finite index in G. This contradicts the minimality
of N. Hence N =1 and G is finite. O

By a result of Mal’cev [16] (see also [18]), a group which has a nilpotent
subgroup of finite index (is nilpotent-by-finite), satisfies a positive law. The
question whether the converse is true was open for more then thirty years.
The general answer is "no” [21], however for the class of LG-groups the
situation is similar to the above.

P2. Must every group satisfying positive laws be nilpotent-by-
’locally finite of finite exponent’?

Theorem 2 A group G satisfying positive laws is nilpotent-by-’locally finite
of finite exponent’ if and only if G is an LG-group.

Proof The ’only if’ part follows by Corollary 1. The ’if’ part is proved in
([7] Corollary 1), which says that an LG-group which satisfies a positive law
must be an extension of a nilpotent group by a locally finite group of finite
exponent (see also [2] Theorem 1). O

By results of Gromov [9], Milnor [17] and Wolf [26], a finitely generated
group has a polynomial growth if and only if it is nilpotent-by-finite. This
implies by Theorem 2 the following

Corollary 2 A finitely generated group G satisfying a positive law has a
polynomial growth if and only if G is an LG-group.

According to the result of Adian [1], the infinite Burnside groups B(m,n) of
prime exponent m > 665 and of a finite rank n > 1 have exponential growth.
Hence by Corollaty 2, these Burnside groups are non-LG-groups contained
in region 8 of Groupland. The same follows from Theorem 1.

The following problem concerns so called collapsing groups introduced by
Shalev in [23]. A group G is called n-collapsing if for every n-element subset
S C G, the inequality |S™| < n™ holds. A group is called collapsing if it is
n-collapsing for some n.

P3. Must every collapsing group be nilpotent-by-’locally finite of
finite exponent’?

Theorem 3 A collapsing group G is nilpotent-by-"locally finite of finite ex-
ponent’ if and only if G is an LG-group.



Proof It is shown in [2], that every collapsing LG-group satisfies a positive
law, which implies by Theorem 2, that G is nilpotent-by-’locally finite of
finite exponent’, and proves the ”if” part. The ”only if” part follows because
nilpotent-by-"locally finite of finite exponent’ groups are LG-groups. O

A group G is called n-Engel group if it satisfies the commutator law
[...[[z,y],9],...,y] =1 where y is repeated n times. In 1963 Shirshov posed
the question whether every n-Engel group satisfies a positive law? ([13], 2.82).
The question is still open for n > 4 [24]. However the possible counterexam-
ples must be the non-LG-groups.

P4. Must every n-Engel group satisfy a positive law?

Theorem 4 An n-Engel group G satisfies a positive law if G is an LG-group.

Proof Let 91, denote the variety of nilpotent groups of nilpotency class ¢
and B, denote the locally finite variety of exponent e [25]. It is shown by
Kim and Rhemtulla [11], that every locally graded n-Engel group G is locally
nilpotent. Then by a result of Burns and Medvedev [6], G is contained in
the variety Men)Ben) N Ben)Nem), Where c(n) and e(n) depend on n only.
By [16], the variety Mc(n,)Ben) satisfies a positive law, so does G.O

By 2 we denote the variety of all abelian groups, and by 2, — the variety
all abelian groups of exponent p. If a group G satisfies a positive law, then
the variety var(G), it generates, has a basis of positive laws [14]. The variety
of all metabelian groups, for example, has no positive laws [16], however
each variety contains an abelian subvariety, with the basis of positive laws.
By Zorn’s Lemma there exist minimal varieties without positive laws, called
just not p.l. varieties. The only known just not p.l. varieties are of the form
20,2( for prime p [10]. The problem posed in ([22] 19.2), is equiwalent to the
following question.

P5. Let var(G ) be a variety without positive laws. Does there exist
a prime p, such that var(G) O 2A,A?

Theorem 5 An affirmative answer to P is known only for some LG-groups.
The problem has a negative answer in general.

Proof An affirmative answer is known for SC-groups [10], that is groups
which belong to some products of finitely many varieties each of which is
either soluble or Cross variety. Since every Cross variety is generated by a fi-
nite group [19], it is locally finite, so each SC-group is obtained by extensions
from soluble and locally finite groups and hence is an LG-group.



The negative answer to the problem is given in [12]. It is shown that there
exists a group GG which contains a free non-abelian subsemigroup (hence it
has no positive laws), while var(G) does not contain 2,2 for any p. This
group G is the finitely generated relatively free group, which is studied in
Chapter 9 of [20]. It defines a pseudo-abelian variety in which all metabelian
and all finite groups are abelian. However it is not known whether G is a
non-LG-group. O

The following problem was posed in 1981 by G. Bergman [3],[4], and can
be found in a different form also in [22].

P6. Must every group G satisfy all of the laws holding in its gene-
rating subsemigroup S?

The affirmative answer is known if G is an LG-group without free non-
abelian subsemigroups (not published). The existence of a counterexample
was announced by S. Ivanov and A. Storozhev at the Algebraic Conference
in Moscow 2004. Their semigroup S satisfies a law similar to that defined in
[21]. The relatively free group with that law, constructed in [21], is a non-
LG-group. However it is not known whether a group G is a non-LG-group
if only its generating subsemigroup S, satisfies that law.

We summarize the above information in the following table.

’ Problem ‘ an answer for LG-groups H an answer for non-LG-groups

P1. VG, YES VG, NO
P2. VG, YES VG, NO
P3. VG, YES VG, NO
P4. VG, YES nothing is known
P5. 3G, YES 3G, NO (is G non-LG-group?)
P6. 3G, YES 3G, NO (is G non-LG-group?)
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